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A FAMILY OF PLANE CURVES WITH TWO OR MORE GALOIS
POINTS IN POSITIVE CHARACTERISTIC
SATORU FUKASAWA
Abstract. We give new examples of plane curves with two or more Galois points
as a family, and describe the number of Galois points for these curves, by using
finite fields.
1. Introduction
In this paper, we give new examples of plane curves with two or more Galois
points as a family, and describe the number of Galois points for these curves, by
using finite fields.
Let K be an algebraically closed field of characteristic p ≥ 0 and let C ⊂ P2K be
an irreducible plane curve of degree d ≥ 3. Hisao Yoshihara introduced the notion
of Galois point in 1996 (see [8, 12]). If the function field extension K(C)/K(P1),
induced by the projection πP : C 99K P
1 from a point P ∈ P2, is Galois, then the
point P is said to be Galois with respect to C. When a Galois point P is contained
in P2 \ C, we call P an outer Galois point. We denote by δ′(C) the number of
outer Galois points for C. It would be interesting to determine δ′(C). For example,
there are applications of the distribution of Galois points to finite geometry (see [5]).
When C is smooth, δ′(C) is completely determined (see [3, 7, 8, 12]). However, it is
difficult to determine δ′(C) for (singular) curves C in general. For example, curves
C satisfying δ′(C) > 1 are very rare [13].
In this paper, we give new examples. Let p > 0, e ≥ 1 and let
g1(x) := x
pe + αe−1x
pe−1 + · · ·+ α1xp + α0x,
g2(y) := y
pe + βe−1y
pe−1 + · · ·+ β1yp + β0y,
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where αe−1, . . . , α0, βe−1, . . . , β0 ∈ K and α0β0 6= 0. Assume that ℓ ≥ 2 is an integer
such that ℓ is not divisible by p, ℓ divides pe − 1, and ℓ divides pi − 1 if αi 6= 0 or
βi 6= 0. We consider the curve C ⊂ P2 of degree peℓ (which is the projective closure
of the affine curve) defined by
(I) g1(x)
ℓ + λg2(y)
ℓ + µ = 0,
where λ, µ ∈ K \ {0}. The main theorem describes the number of Galois points in
terms of finite fields, as follows.
Theorem 1. Let the characteristic p > 0, q = pe, C ⊂ P2 be the plane curve given
by equation (I) and let α ∈ K satisfy αqℓ + λ = 0. Then, we have the following.
(a) The curve C is irreducible and has exactly ℓ singular points.
(b) The genus of the smooth model satisfies pg(C) ≥ qℓ(q(ℓ−1)−2)2 +1. Furthermore,
the equality holds if and only if g1(αX)− αqg2(X) = 0 as a polynomial.
(c) δ′(C) ≥ 2.
(d) If ℓ is odd, ℓ − 1 is not divisible by p and g1(αX) − αqg2(X) = 0, then
δ′(C) = 2.
(e) Let ℓ = 2, g1(X) = g2(X), Fq0 := Fq ∩ (
⋂
{i>0:αi 6=0}
Fpi) and let λ ∈ Fq0.
If α ∈ Fq0 (resp. α 6∈ Fq0), then δ′(C) ≥ q0 − 1 (resp. δ′(C) ≥ q0 + 1).
Furthermore, if q0 = q, then the equality holds.
The proof of assertion (e) is done by using the projective geometry over a finite
field Fq. It would be interesting that the set of Galois points is described as the set
of Fq-rational points 6∈ C on the line Z = 0 (see Lemmas 2, 5 and 6).
As another aspect, our curves have non-trivial automorphism groups. For exam-
ple, a famous curve studied by Subrao belongs to our family.
Example 1. Taking p > 2, ℓ = 2, g1(x) = x
q − x, g2(y) = yq − y and λ = −1 and
making the variable change X = x+ y and Y = x− y we obtain the equation
(Xq −X)(Y q − Y ) + µ = 0
studied by D. Subrao [11], [6, Example 11.89], and this is known as an example of an
irreducible (ordinary) curve whose automorphism group exceeds the Hurwitz bound
under certain assumptions. For Galois points in p = 2, see [4].
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Remark 1. The curve with equation (I) and ℓ = 1 was studied in [2].
2. Preliminaries
We introduce a system (X : Y : Z) of homogeneous coordinates on P2 with local
coordinates x = X/Z, y = Y/Z for the affine piece Z 6= 0. For an irreducible plane
curve C ⊂ P2, we denote by Sing(C) the singular locus of C, by π : Cˆ → C the
normalization of C and by πˆP the composition map πP ◦ π : Cˆ → P1. For a point
R ∈ C \ Sing(C), TRC ⊂ P2 is the (projective) tangent line at R. For a projective
line L ⊂ P2 and a point R ∈ C ∩ L, IR(C,L) means the intersection multiplicity
of C and L at R. We denote by PR the line passing through points P and R
when P 6= R. If Rˆ ∈ Cˆ, we denote by eRˆ the ramification index of πˆP at Rˆ. If
R ∈ C \ Sing(C) and π(Rˆ) = R, then we use the same symbol eR for eRˆ, by abuse
of terminology. We note the following elementary fact.
Fact 1. Let P ∈ P2 \C, let Rˆ ∈ Cˆ and let π(Rˆ) = R. Let h = 0 be a local equation
for the line PR in a neighborhood of R. Then, for πP we have
eRˆ = ordRˆ(π
∗h).
In particular, if R is smooth, then eR = IR(C, PR).
The following fact is useful (see [10, III. 7.2]).
Fact 2. Let C,C ′ be smooth curves, let θ : C → C ′ be a Galois covering of degree d
and let R,R′ ∈ C. Then we have the following.
(a) If θ(R) = θ(R′), then eR = eR′.
(b) The index eR divides the degree d.
Note that the polynomial g(X) = Xp
e
+ αe−1X
pe−1 + · · ·+ α1Xp + α0X ∈ K[X ]
has the property
g(X + Y ) = g(X) + g(Y ) (∈ K[X, Y ]).
3. Proof of assertions (a), (b) and (c) in Theorem 1
Let p > 0, let ℓ ≥ 2 be an integer not divisible by p and let g(x) = xpe+αe−1xpe−1+
· · ·+ α1xp + α0x, where αe−1, . . . , α0 ∈ K and α0 6= 0. We consider the plane curve
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C ⊂ P2 (which is the projective closure of the affine curve) defined by
f(x, y) := g(x)ℓ + h(y) = 0,
where h(y) is a polynomial of degree peℓ. Assume that ℓ divides pe − 1, and pi − 1
if αi 6= 0. For a constant a ∈ K with g(a) = 0, we denote by σa the linear
transformation defined by (X : Y : Z) 7→ (X + aZ : Y : Z). Let q = pe, P = (1 : 0 :
0) and let KP := {σa : g(a) = 0}. Then, KP is a subgroup of Aut(P2) of order q.
We take a primitive ℓ-th root ζ of unity. Let τ be the linear transformation given
by (X : Y : Z) 7→ (ζX : Y : Z) and let G := KP 〈τ〉. Since g(ζa) = ζg(a) = 0 if
g(a) = 0, we have 〈τ〉KP = KP 〈τ〉. This implies that G is a subgroup of Aut(P2) of
order qℓ. Let L be a line passing through P . Then, L is given by cY+dZ = 0 for some
c, d ∈ K. Since σa(x : −d : c) = (x + ac : −d : c) and τ(x : −d : c) = (ζx : −d : c),
we have ξ(L) = L for any ξ ∈ G. Since g(x + a) = g(x) + g(a) = g(x) for any a
with g(a) = 0 and g(ζx) = ζg(x), ξ(C) = C for any ξ ∈ G. The group G will be the
Galois group GP at P if one is able to prove that C is irreducible, because G gives
qℓ automorphisms of C which commute with the projection πP : C → P1.
Proposition 1. Let C ⊂ P2 be given by f(x, y) = g(x)ℓ + h(y) = 0. If h(y) is a
separable polynomial of degree qℓ, then C is irreducible. Furthermore, the genus of
the smooth model satisfies pg(C) ≥ qℓ(q(ℓ−1)−2)2 + 1.
Proof. Let C0 be an irreducible component of C with degree d0 and the genus of the
smooth model pg(C0). Since fx = ℓg(x)
ℓ−1 and fy = hy, C is smooth in the affine
plane Z 6= 0. In this affine plane, C0 is smooth and C0 does not intersect another
irreducible component. Let F (X, Y, Z) = Zqℓf(X/Z, Y/Z), G(X,Z) = Zqg(X/Z)
and let H(Y, Z) = Zqℓh(Y/Z). For ξ ∈ K with h(ξ) = 0, we denote by Lξ the line
defined by Y −ξZ = 0. The scheme C∩Lξ is given by F (X, ξZ, Z) = G(X,Z)ℓ = 0.
Since G(X,Z) is a separable polynomial of degree q, the multiplicity of the set C∩Lξ
is ℓ at each point and the set C ∩ Lξ consists of exactly q points. Therefore, the
multiplicity of the set C0 ∩ Lξ is ℓ at each point and the set C0 ∩ Lξ consists of
exactly d0/ℓ points. We consider the projection πP : C0 → P1 from P . Since each
point of C0 ∩ Lξ is tame ramification with index ℓ, we have
2pg(C0)− 2 ≥ d0(−2) + qℓ× (d0/ℓ)(ℓ− 1)
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by the Riemann-Hurwitz formula. Then, 2pg(C0) − 2 ≥ d0(q(ℓ − 1) − 2). On
the other hand, by genus formula, we have 2pg(C0) − 2 ≤ (d0 − 3)d0. Therefore,
d0 ≥ q(ℓ− 1) + 1. We find that any irreducible component of C is of degree at least
(qℓ)/2 + 1. Since the degree of C is qℓ, C is irreducible.
Using the Riemann-Hurwitz formula again, we have the inequality pg(C) ≥ qℓ(q(ℓ−1)−2)2 +
1. 
We consider the plane curves with equation (I) in Introduction. Points (1 : 0 : 0),
(0 : 1 : 0) are outer Galois, by the argument before Proposition 1. We have δ′(C) ≥
2.
Remark 2. The Galois group G at (1 : 0 : 0) or (0 : 1 : 0) is isomorphic to
(Z/pZ)⊕e⋊〈ζ〉, since we have the splitting exact sequence of groups (see [1, Theorem
2]):
0→ (Z/pZ)⊕e → G→ 〈ζ〉 → 1.
Proposition 2. Let C ⊂ P2 be given by f(x, y) := g1(x)ℓ + λg2(y)ℓ + µ = 0 and let
α ∈ K satisfy αqℓ + λ = 0. Then, we have the following.
(a) We have Sing(C) = {(ζ iα : 1 : 0) : 0 ≤ i ≤ ℓ − 1}. In particular, C has
exactly ℓ singular points.
(b) Assume that g1(αX)−αqg2(X) = 0 as a polynomial. Then, π−1(Q) consists
of exactly q points and there exist q distinct tangent directions at Q, for any
Q ∈ Sing(C). In this case, pg(C) = qℓ(q(ℓ−1)−2)2 + 1.
(c) Assume that g1(αX)− αqg2(X) 6= 0. Then, the multiplicity at Q is at most
q− 1 and π−1(Q) consists of at most q/v points for some v a power of p. In
this case, the genus of the smooth model satisfies pg(C) ≥ qℓ(q(ℓ−1)−1)2 + 1.
Proof. We prove (a). Let F (X, Y, Z) = Zqℓf(X/Z, Y/Z), G1(X,Z) = Z
qg1(X/Z)
and G2(Y, Z) = Z
qg2(Y/Z). We have
∂F
∂X
= ℓG1(X,Z)
ℓ−1α0Z
q−1,
∂F
∂Y
= λℓG2(Y, Z)
ℓ−1β0Z
q−1,
∂F
∂Z
= ℓ(q − 1)G1(X,Z)ℓ−1α0XZq−2 + λℓ(q − 1)G2(Y, Z)ℓ−1β0Y Zq−2.
Therefore, the singular locus is given by Z = Xqℓ + λY qℓ = 0. We have Sing(C) =
{(ζ iα : 1 : 0) : 0 ≤ i ≤ ℓ− 1}, which consists of exactly ℓ points.
PLANE CURVES WITH TWO OR MORE GALOIS POINTS 6
We prove (b). Note that Sing(C) = {(ζ iα : 1 : 0) : 0 ≤ i ≤ ℓ − 1} by (a). Let
Q = (α : 1 : 0). We consider the projection πQ from Q. If we take t := x−αy, then
the projection πQ is given by πR(x : y : 1) = (t : 1) and we have a field extension
K(t, y)/K(t) with the equation fˆ(t, y) := g1(t+ αy)
ℓ + λg2(y)
ℓ + µ = 0. Note that
g1(t+ αy)
ℓ = (g1(t) + g1(αy))
ℓ =
ℓ∑
i=0
(
ℓ
i
)
g1(t)
ℓ−ig1(αy)
i,
and
fˆ(t, y) =
ℓ−1∑
i=0
(
ℓ
i
)
g1(t)
ℓ−ig1(αy)
i + g1(αy)
ℓ + λg2(y)
ℓ + µ.
Note that
g1(αy)
ℓ + λg2(y)
ℓ =
∏
0≤i≤ℓ−1
(g1(αy)− ζ iαqg2(y)).
Since g1(αy) − ζ iαqg2(y) = (αq − ζ iαq)yq + ( lower terms ) and αq − ζ iαq 6= 0 if
0 < i ≤ ℓ − 1, the degree of fˆ(t, y) as a polynomial over K(t) is > q(ℓ − 1) if and
only if g1(αy)− αqg2(y) 6= 0 as a polynomial.
Assume that g1(αX)− αqg2(X) = 0. Then, we have g1(αX)ℓ + λg2(X)ℓ = 0 and
the equation
ℓ−1∑
i=0
(
ℓ
i
)
g1(t)
ℓ−1−ig1(αy)
i +
µ
g1(t)
= 0.
According to [10, III. 1. 14], for each solution t0 of g1(t) = 0, πˆ
−1
Q ((t0 : 1)) consists of
a single point Qˆt0 ∈ Cˆ with eQˆt0 = q(ℓ−1) for the projection πˆQ. Therefore, π
−1(Q)
consists of exactly q points and there exist exactly q distinct tangent directions.
We consider the projection πP from P = (1 : 0 : 0). The set πˆ
−1
P (πP (Q)) =
π−1(C ∩ {Z = 0}) consists of exactly qℓ points. Therefore, πˆP is not ramified
at any point in π−1(C ∩ {Z = 0}). By the Riemann-Hurwitz formula, we have
pg(C) =
qℓ(q(ℓ−1)−2)
2
+ 1.
Assume that g1(αX)− αqg2(X) 6= 0. Then, the degree of the projection πQ is at
least q(ℓ−1)+1. This implies the multiplicity atQ is at most q−1 and the cardinality
of π−1(C∩{Z = 0}) is strictly less than qℓ. When we consider the projection πP from
P = (1 : 0 : 0), there exists a ramification point in π−1(C ∩ {Z = 0}). Let v be the
index at the point. By Fact 2(a)(b), v is the index for any point in π−1(C∩{Z = 0})
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and v divides peℓ. Since C ∩ {Z = 0} consists of exactly ℓ points, v divides q, and
π−1(Q) consists of at q/v points. By the Riemann-Hurwitz formula,
2pg(C)− 2 ≥ qℓ(−2) + qℓ× qℓ
ℓ
(ℓ− 1) + qℓ
v
× v.
Then, pg(C) ≥ qℓ(q(ℓ−1)−1)2 + 1. 
Example 2. There exist curves whose genus attains the lower bound as in assertion
(b) for each q, ℓ. Let g1(X) = g2(X) and λ = −1. Then, α = 1 ∈ K satisfies
αqℓ + λ = 1− 1 = 0 and g1(αX)− αqg2(X) = g1(X)− g1(X) = 0.
4. Proof of assertion (d) in Theorem 1
Assume that ℓ is odd, ℓ−1 is not divisible by p and g1(αX)−αqg2(X) = 0. Then,
p > 2 and pg(C) =
qℓ(q(ℓ−1)−2)
2
+ 1. Moreover, m ≥ 3 if m divides qℓ. We prove
δ′(C) = 2. For a smooth point R, we call R a flex if IR(C, TRC) ≥ 3.
Lemma 1. Let R = (x0 : y0 : 1) ∈ C \ Sing(C). Then, R is a flex if and only if
g1(x0) = 0 or g2(y0) = 0. In this case, IR(C, TRC) = ℓ and TRC passes through
(1 : 0 : 0) or (0 : 1 : 0).
Proof. We consider the Hessian matrix
H(f) =


fxx fxy fx
fxy fyy fy
fx fy 0


=


ℓ(ℓ− 1)g1(x)ℓ−2α20 0 ℓg1(x)ℓ−1α0
0 λℓ(ℓ− 1)g2(y)ℓ−2β20 λℓg2(y)ℓ−1β0
ℓg1(x)
ℓ−1α0 λℓg2(y)
ℓ−1β0 0

 .
Then, detH(f) = −λα20β20ℓ3(ℓ−1)g1(x)ℓ−2g2(y)ℓ−2(λg2(y)ℓ+g1(x)ℓ). It is well known
that R ∈ C \ Sing(C) is a flex if and only if detH(f)(R) = 0 (see, for example, [9,
I.1.5]). Since ℓ(ℓ−1) is not divisible by p by the assumptions, R is a flex if and only
if g1(x0) = 0 or g2(y0) = 0.
If g1(x0) = 0, then g2(y0)
ℓ + µ = 0, by the defining equation. Since f(x, y0) =
g1(x)
ℓ, TRC is defined by Y − y0Z and IR(C, TRC) = ℓ. This line passes through
(1 : 0 : 0). 
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Proof of Theorem 1(d). Assume by contradiction that a point P ′ in the affine plane
Z 6= 0 is outer Galois. Let Q be a singular point. Since π−1(Q) consists of exactly q
points by Proposition 2(b), πˆP ′ is ramified at some point in π
−1(Q) if and only if P ′
lies on the line given by some tangent direction at Q. In this case, P ′ is ramified at
one point in π−1(Q) and unramified at the other q − 1 points. By Fact 2(a), this is
a contradiction. Therefore, we may assume that πˆP ′ is unramified at each point in
π−1(Q) for any singular point Q. Note that πˆP ′ is ramified at some point Rˆ ∈ Cˆ, by
the Riemann-Hurwitz formula. Now, R = π(Rˆ) ∈ C\Sing(C). By Fact 2(b) and the
assumption on degree, IR(C, TRC) ≥ 3. According to Lemma 1, IR(C, TRC) = ℓ.
By the Riemann-Hurwitz formula again, there exist at least three points R1, R2, R3
such that TRiC ∋ P ′ for each i and TRiC 6= TRjC if i 6= j. By Lemma 1, P ′ must
be (1 : 0 : 0) or (0 : 1 : 0). This is a contradiction.
Assume that P ′ ∈ {Z = 0} is outer Galois. Since π−1(C ∩ {Z = 0}) consists
of exactly qℓ points by Proposition 2(b), the projection πˆP ′ is unramified at such
points. Note that πˆP ′ is ramified at some point Rˆ ∈ Cˆ, by the Riemann-Hurwitz
formula. Now, R = π(Rˆ) ∈ C \ Sing(C). By Fact 2(b) and the assumption on
degree, IR(C, TRC) ≥ 3. By Lemma 1, P ′ must be (1 : 0 : 0) or (0 : 1 : 0). 
5. Proof of assertion (e) in Theorem 1
Let ℓ = 2, let g1(X) = g2(X) = g(X) := X
pe + αe−1X
pe−1 + · · · + α0X and let
Fq0 := Fq∩(
⋂
{i>0:αi 6=0}
Fpi). Then, p > 2, since p does not divide ℓ = 2. We consider
the curve C defined by
g(x)2 + λg(y)2 + µ = 0,
where λ ∈ Fq0. Note that g(γx) = γg(x) if γ ∈ Fq0, and α2 = −λ, since α2q = −λ =
−λq. The following Lemma implies the former assertion of (e).
Lemma 2. Let γ ∈ Fq0 and let P ′ = (γ : 1 : 0). If γ2 + λ 6= 0, then P ′ is outer
Galois. In particular, δ′(C) ≥ q0 − 1, and δ′(C) ≥ q0 + 1 if α 6∈ Fq0.
Proof. The projection πP ′ from P
′ is given by πP ′(x : y : 1) = (x − γy : 1). Let
t := x − γy. Then, we have the field extension K(t, y)/K(t) given by fˆ(t, y) :=
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g(t+ γy)2 + λg(y)2 + µ = 0. Since g(γx) = γg(x) and γ2 + λ 6= 0, we have
fˆ(t, y) = (g(t) + γg(y))2 + λg(y)2 + µ
= (γ2 + λ)g(y)2 + 2γg(t)g(y) + g(t)2 + µ
= (γ2 + λ)g(y)
(
g(y) +
2γ
γ2 + λ
g(t)
)
+ g(t)2 + µ.
Let η := 2γ
γ2+λ
∈ Fq0. Note that ηq0 = η and g(η × x) = η × g(x). Then, the set
{y + β : g(β) = 0} ∪ {−y − ηt + β : g(β) = 0} ⊂ K(t, y) consists of all roots of
fˆ(t, y) ∈ K(t)[y]. Therefore, P ′ is outer Galois.
Since the number of elements γ ∈ Fq0 with γ2 + λ = 0 is at most two, we have
δ′(C) ≥ q0 + 1 − 2 = q0 − 1. If there exists γ ∈ Fq0 with γ2 + λ = 0, then γ = ±α
and hence, α ∈ Fq0. Therefore, δ′(C) ≥ q0 + 1 if α 6∈ Fq0. 
Next we consider the latter assertion of (e). By using the Hessian matrix (see the
proof of Lemma 1), we have the following.
Lemma 3. The curve C has no flex in the affine plane Z 6= 0.
Now, assume that Fq = Fq0 . Then, we have the equation
(xq + α0x)
2 + λ(yq + α0y)
2 + µ = 0.
Making the variable change Z 7→ (1/ q−1√−α0)Z, we may assume that α0 = −1. In
this case, we prove that all outer Galois points are Fq-rational points on the line
Z = 0.
We determine special multiple tangent lines.
Lemma 4. Let R ∈ C \ Sing(C). If TRC has distinct q contact points in C, then
TRC intersects the line Z = 0 at an Fq-rational point.
Proof. The Gauss map γ : C 99K (P2)∗ ∼= P2, which sends a smooth point R to the
tangent line TRC at R, is given by
(∂F/∂X : ∂F/∂Y : ∂F/∂Z)
= (−2(xq − x) : −2λ(yq − y) : 2x(xq − x) + 2λy(yq − y))
= (xq − x : λ(yq − y) : −x(xq − x)− λy(yq − y))
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Let Ri = (xi : yi : 1) for i = 1, . . . , q, let Ri 6= Rj and let TRiC = TRjC for
any i, j. Assume that xq1 − x1 6= 0. Then, xqi − xi 6= 0. Since TR1C = TRiC,
(yq1 − y1)/(xq1 − x1) = (yqi − yi)/(xqi − xi) and
µ
(xq1 − x1)2
= −1 − λ
(
yq1 − y1
xq1 − x1
)2
=
µ
(xqi − xi)2
by the defining equation, we have xq1 − x1 = ±(xqi − xi) and yq1 − y1 = ±(yqi − yi).
Assume that there exists i such that xq1 − x1 = xqi − xi. We may assume i = 2.
Then, yq1 − y1 = yq2 − y2 and there exist βx, βy ∈ Fq such that x2 = x1 + βx and
y2 = y1+ βy. If βy = 0, then βx = 0, by the condition x1 + λy1(y
q
1 − y1)/(xq1− x1) =
x2+λy2(y
q
2−y2)/(xq2−x2). Therefore, βy 6= 0. By using the condition x1+λy1(yq1−
y1)/(x
q
1−x1) = x2+λy2(yq2− y2)/(xq2−x2), we have λ(yq1− y1)/(xq1−x1) = −βx/βy.
Then, TR1C is defined by
X − βx
βy
Y +
(
−x1 + y1βx
βy
)
Z = 0,
and meets the line Z = 0 at the point (βx : βy : 0), which is Fq-rational.
Assume that xq1− x1 = −(xqi − xi) for any i. Then, there exists αi ∈ Fq such that
xi = −x1 + αi. Then, x3 − x2 = (−x1 + α3)− (−x1 + α2) = α3 − α2 ∈ Fq. We can
reduce to the above case.
If yq1 + y1 6= 0, then we have the same assertion, similarly to the above discussion.

Lemma 5. Assume that α 6∈ Fq. Then, any outer Galois point is an Fq-rational
point on the line Z = 0. In particular, δ′(C) ≤ q + 1.
Proof. Let P ′ = (γ : 1 : 0). We consider the projection from P ′. The projection πP ′
from P ′ is given by πP ′(x : y : 1) = (x− γy : 1). Let t := x− γy. Then, we have the
field extension K(t, y)/K(t) given by fˆ(t, y) := ((t+γy)q−(t+γy))2+λ(yq−y)2+µ =
0. We have
fˆ(t, y) = ((tq − t) + (γqyq − γy))2 + λ(yq − y)2 + µ
= (γ2q + λ)y2q − 2(γq+1 + λ)yq+1 + ( lower terms ).
Note that γ2q + λ = 0 if and only if γ2 + λ = 0, since λ ∈ Fq. If γ2 + λ 6= 0, the
degree of fˆ(t, y) is 2q. If γ2 + λ = 0, then γ2 = α2 and the degree is q + 1, since
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γq+1 + λ = αq+1 − α2 = α(αq − α) 6= 0. We also have
dt
dy
=
γ((tq − t) + (γqyq − γy)) + λ(yq − y)
(tq − t) + (γqyq − γy) .
We consider the condition fˆ(t, y) = dt/dy = 0. Taking tq − t + (γqyq − γy) =
−(λ/γ)(yq − y), we have (λ2/γ2 + λ)(yq − y)2 + µ = 0. If λ 6= −γ2, we have a
solution (t0, y0) satisfying fˆ(t0, y0) = (dt/dy)(t0, y0) = 0. This implies that πP ′ is
ramified at some point R in the affine plane Z 6= 0. If λ = −γ2 (this implies that
P ′ is singular), fˆ(t, y) is of degree q + 1 and we does not have a solution (t0, y0)
satisfying fˆ(t0, y0) = (dt/dy)(t0, y0) = 0. This implies that πP ′ is not ramified at
any point R in the affine plane Z 6= 0.
Let O ∈ P2 \C be a point in the affine plane Z 6= 0 and let Q be a singular point.
Then, the line OQ passes through exactly q+1 smooth points with multiplicity one
except for Q, by the above discussion. Since the cardinality of π−1(Q) is < q− 1 by
Proposition 2(c), the projection πˆO is ramified at some point in π
−1(Q). By Fact
2(a), O is not Galois. Therefore, all Galois points lie on the line Z = 0.
Let P ′ = (γ : 1 : 0) be outer Galois. By Lemma 3, IR(C, TRC) = 2. By Fact
2(a), TRC contains exactly q contact points. By Lemma 4, the point given by
TRC ∩ {Z = 0} is Fq-rational. Therefore, P ′ is Fq-rational. 
Lemma 6. Assume that α ∈ Fq. Then, any outer Galois point is an Fq-rational
point on the line Z = 0. In particular, δ′(C) ≤ q − 1.
Proof. Firstly, we prove that points on the affine plane Z 6= 0 are not outer Galois.
Assume by contradiction that P ′ in the affine plane Z 6= 0 is outer Galois. Similarly
to the proof of assertion (d), we may assume that πˆP ′ is unramified at each point in
π−1(Q) for any singular point Q. Note that πˆP ′ is ramified at some point Rˆ ∈ Cˆ,
by the Riemann-Hurwitz formula. Now, R = π(Rˆ) ∈ C \ Sing(C). By Lemma 3,
IR(C, TRC) = 2. By Fact 2(a), TRC contains exactly q contact points. According to
the Riemann-Hurwtiz formula again, considering pg(C), there exist d = 2q tangent
lines containing P ′ and q contact points. However, by Lemma 4, such lines are at
most q + 1. Since q + 1 < 2q = d, this is a contradiction.
Let P ′ ∈ {Z = 0} be outer Galois. Similarly to the proof of assertion (d), πP ′ is
ramified at some point R in the affine plane Z 6= 0. By Lemma 3, IR(C, TRC) = 2.
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By Fact 2(a), TRC contains exactly q contact points. By Lemma 4, the point given
by TRC ∩ {Z = 0} is Fq-rational. Therefore, P ′ is Fq-rational.
By Proposition 2(a), Sing(C) = {(±α : 1 : 0)}. The two singular points are
Fq-rational. Therefore, δ
′(C) ≤ q + 1− 2 = q − 1. 
As a consequence of Lemmas 5 and 6, we have the latter assertion of (e).
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